SYSTEMS OF TOEPLITZ OPERATORS ON HZ 1II

BY
H. R. POUSSON(Y)

1. Introduction. Let L? (0 <p=c0) be the usual Lebesgue space with respect to
normalized Lebesgue measure on the unit circle. The space H? (0<p<oo) will
consist of analytic functions f on the unit disc such that lim, ., _ || f(re*)|, <o0.
If fe H?, then the function defined a.e. by f(e'®)=lim, ., _ f(re) is in L?. Should
p21, such functions in L? are precisely those which have vanishing negative
Fourier coefficients. The subspace of functions '€ H? such that f(0)=0 is denoted
by Hj.

The space of n by m dimensional, matrix-valued functions with terms in L? is
denoted by L% .. The spaces Hf.,, and H§,, ., are defined analogously.

Let ¢ € Ly, ,. Define the operator Ty: HZ,, — H},, by setting T, f=Péf for all
fe€ H},, where P: L2, , — HZ,, is the projection operator. The operator T, can
be considered as a system of Toeplitz operators on H?2, and T, will be called the
Toeplitz operator associated with the matrix-valued function ¢.

This paper concerns conditions on ¢ € LY., which give an invertible T,. After
defining suitable norms for matrix functions, we consider the problem of angle
between manifolds of matrix functions. This gives results which are applicable to
systems of Toeplitz operators. The approach is similar to the method used by
Devinatz [2] for ¢ scalar.

2. Definitions and general results. Most of the preliminary results are stated
without proof. The proofs are available in the literature or require only a simple
generalization of proofs in the literature.

Denote normalized Lebesgue measure on the unit circle by du.

For F a matrix function, let F,= f F(e%)e-* du; k=0, +1, £2,.... Denote the
conjugate transpose, transpose, and complex conjugate of F by F*, F', and F
respectively. A matrix J will be called a projection matrix provided J=J2=J*,

DEerINITION 2.1. A function Fe H,, is outer provided | log |det F|du=
log |det Fo|> —o0. A function Fe H®,, is inner provided F=JU where J is a
constant projection matrix and U is unitary a.e.

Thus Fe HY., is outer if and only if det Fe H?'" is outer.

THEOREM 2.2. If Fe HZ,, is outer, and if F~* e L2, ,, then F~* € HZ2,,.
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A proof of the following is contained in [8].
THEOREM 2.3. If F,F~'e H,?x > then F is an outer function.

THEOREM 2.4. If WelLl,, is hermitian positive semidefinite, then W has a
JSactorization W=BB* where B H2,, is outer provided | log det W du> — 0.

For a proof of the above, see [5, p. 193).
For Fe H?,,, S(F) will denote the subspace of H?., spanned by {Fe**%}<_,.
The following is proved by Masani [7, p. 286].

THEOREM 2.5. Let K€ H2,,; K#0. Then K=FG where Fe H?,, is outer and
G € H%., is inner. Also S(G)=S(K).

It can be shown that the Hilbert space adjoint T} of T, is Ty.; hence T, is
invertible if and only if T,. is invertible.

THEOREM 2.6. Let ¢ € LY, ,,. In order for T, to be invertible, it is necessary and
sufficient that

(i) $=G*H where G,G~*, H, H ' e H2,,; S(G)=S(H)=H2,,; and

(ii) K: f— H~'P(G~Y)*f defines a bounded operator from L, to H},.

The proof of the above theorem and the proofs of the remaining results in this
section are contained in [8].

COROLLARY 2.7. If T, is invertible, then $ —* € L2y .

THEOREM 2.8. Suppose ¢ € LY., is positive definite. The following are equivalent.
(i) T, is invertible.

(ii) essinf det ¢>0.

(iii) Tyeso is invertible.

REMARK 29. If Fe Hnwx n then T¢TF=T¢F and TpoT¢ =Tpo¢.

THEOREM 2.10. Let ¢ € H.,, then T, is invertible if and only if $=* e HX,
in which case Ty *=Ty-1.

THEOREM 2.11. If ¢ € L., and T, is invertible, then there exists a factorization
¢=UK where U is unitary, K € H, ,, is outer, and both Ty and Ty, are invertible.

REMARK 2.12. If ¢ € L2, , is unitary, then T, invertible implies ¢ =G*H where
G’ G-I’ H’ H-le Hy?xn and HH*=(GG*)-1.

Proof. Consider Theorem 2.6 and use the fact that ¢* =¢ 1.

3. Matrix norms. Unless otherwise stated, all matrix functions will be n by n
dimensional.

It follows from basic matrix theory that a matrix function Fhas a polar factoriza-
tion F=UH where U is unitary and H is positive semidefinite. Should det F#0 a.e.,
the factorization is unique and H is positive definite. It will be desirable to consider
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polar factorizations where the hermitian factor is on the left of the unitary factor.
When necessary to distinguish the two factorizations, subscripts will be used; i.e.,
F=UgHz=H,U,.

Two matrix functions F and G are unitarily equivalent, denoted F~ G, provided
there exists a unitary matrix function V such that V*GV=F.

LeMMA 3.1. If U is a unitary matrix function and if H is a positive definite her-
mitian matrix function, then |tr UH | <tr H.

Proof. There exists a unitary function V such that V*UV=E is diagonal and
ley=1 ae for i=1,2,...,n. Let V*HV=K. Then [tr UH|=tr EK|
=311 ek | Str K=tr H.

Lemma 3.2. If F=UyHy=H_ U, are the polar factorizations of F, then tr Hy
=tr H, L

Proof. Applying 3.1 we have tr H =tr UUyHz<tr Hy and tr Hy=tr U, U¥H,
<tr H;.

DEerINITION 3.3. For all FeL;,,, define the norm of F, denoted |F|,, as
|Flly=] tr (FF*)"2 dy.

The properties of this norm, including the necessary triangle inequality, will be
given by the next two lemmas.

LeMMA 3.4. Let FeL},, and let F=UyH,=H_ U, be polar factorizations of F.
Then "F"l:f tr HR d[l:=f tr HL d[l:.

Proof. We have
IFlls = f tr (FF*)2 dy = f tr (UpHBUF)Y2 dy = f tr UpHRU¥ du = f tr Hy du.

The conclusion now follows from 3.2.

If Fe L}, and U is unitary, then as an immediate consequence of 3.4, |UF|,
=|Fli=|FU|yand |F*]y=|F],.

LEMMA 3.5. If F,Ge L., then |F+G|,Z|F|,+|G|,-

Proof. Consider polar factorizations Up,¢Hr.g, UrHr and UgH; of F+G, F
and G respectively. Since Up,qHp.g=UpHp+ UgHg, it follows from 3.4 and 3.1
that

|F+Gl; = f tr Hpoqdu < j It U, oUsHy| du+ f ltr U#, eUsHo| ds

< f tr Hy du+ f tr Hy du = |Flls+ ]G]

The Euclidean norm, denoted |A|, of a constant matrix A4 is defined as |A|
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=(tr AA*)'2. For proof that this is actually a norm, see [9, p. 125]. It is easily
established that for constant matrices 4 and B, |AB|< (4] |B|.

DerFINITION 3.6. For all FeL2,,, define the norm of F, denoted |F|s, as
[Fla=(f tr FF* du)"®=(] |FI? di)*™.

LeMA 3.7. If F, G € L2, then [ tr FG du| < | F|4]| Gl

Proof. It follows from Schwarz’s inequality that

| [ Foau| = |3 [fgsade| s [(S 15 eud)
s f (z |fu|2)m (Z Iguia)llﬁ dp

1/2 1/2
§(ftrFF*dp) (ftrGG*dp) = |FlalGla; 1S4j<n

LEMMA 3.8. If F, G L2, then |FG|, < |F||3|G]s.

Proof. Let FeL2?,,. Assume, without loss of generality, that F~'elL2,,.
Applying 3.7, we have

IFGl: = [t (FF*)a(FGG*F*)a(FF*)~ dis S |FlalGl.

THEOREM 3.9. Products of the form MN where M is in the unit ball of H?., and N
is in the unit ball of H3. , . , are dense in the open unit ball of Hg; , x -

Proof. Products of the form stated are contained in the unit ball of Hg,
see 3.8.

Now consider Fe H},«, such that |F|;<1 and [ log |det F| du> —c0. From
2.4, (FF*)'2=BB* where Be HZ,, is outer. Also, |B~'F|}=|B|3=|F|.<1.
Hence B is contained in the unit ball of H2, , and B~Fis contained in the unit ball
of L2, .. By definition, B € H2, , is outer if and only if det B is outer. Hence det B,
considered as an analytic function in the open disc, does not vanish inside the disc.
From this it follows that B! can be considered as an analytic function in the open
disc. Clearly B~'F has an analytic extension inside the disc which vanishes at
zero, since Fo=0. Since B-*Fe L?,, on the unit circle, B-'Fe H3 , ,. Let M=B
and N=B"'F.

Consider Fe H§pnxs such that |F|;<1 and [log |det F| du=—oc0. Let K
=e~"F, then |det K|=|det F| and F;=K,. Using a form of Jensen’s inequality,
see [11, p. 123}, log |det Ko| < [ log |det K| du= —oco. Therefore F, is singular.

Choose «>0 such that F; +« is nonsingular and ||F,|; <1 where F,=F+ «e®.
Jensen’s inequality implies { log |det F,| du> —oco. It follows that functions F in
the unit ball of Hg, , «, for which [ log |det F| du> —oo are dense in the open unit
ball of Hé, p x»-
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The Banach norm, denoted |A|p, of a constant matrix A4 is defined as |A|p
=supixi+o [AX]|/|X|.

For an n by n matrix A4, the Banach norm and the Euclidean norm are related by
|| = |A| Sn|A|5.

Lemma 3.10. If A is a constant matrix and if A=UH is its polar factorization
then |A|p=d,,, where D is diagonal, d, ,2d; .2 ---2d, , and H~ D.

Proof. Let X be any nonzero constant matrix and let V denote the unitary
matrix such that V*HV=D. Then |[AX|=(tr H2XX*)Y2=(tr D*V*XX*V)'/2
Sdy(tr XX*)'2=d, ,|X| and [4]|p=dy,;.

Let E be the projection matrix which has every term zero with the exception of
e;,1=1. Then

|AVE| = (tr UHVEV*HU*}Y? = (tr V*H?*VE)'? = (tr D*E)"* = d, , = d, ,|VE|

and |4|z24d,,;. ,

DerINITION 3.11. For all Fe Ly, ,, define the norm of F, denoted ||F| o, as
|F || =ess supy |F(e®)|5.

As an immediate consequence of 3.10 we have the following.

Note 3.12. Let FeLy.,, let F=UH be its polar factorization and let H~ D
where D is diagonal with d;,;2d; 22 - - 2d, ,. Then |F|o=|di,1]«-

THEOREM 3.13. Suppose G € LYy ,. The linear functional I(-) on L} ., defined for
all FeL},, by I(F)=[ tr FG du is bounded and |I|=|G| . All bounded linear
Junctionals on L}, ., have this form.

Proof. Let UsH be the polar factorization of G € LY., and let V denote the
unitary matrix function such that V*H V=D where D is diagonal, d,;2d,
= gd,:,,.. Suppose UgHj is the polar factorization of an arbitrary Fe L:,,.
Set K=V*UrHzUgV and let J be the following diagonal (unitary) matrix. If
ki #0, set ji =k, |k;;}|, and if k,; =0, set j,,=1;i=1,2,...,n Then

lI(F)l = Iftf UrHpUgHg dp.‘ = ’ftl' KD d#\ = f(z Ikl,tl Idcil) dl"
i

=1

< halo [ (3 Vo) di = 161 [ic K da

= 6] f tr UgVIV*UsHy dut S |Gl f tr Hy di = |Glo|Fl.

Therefore I(-) is bounded and ||/ £ |G| -

Now for «>0, take E=[e* | [G(¢*)|52 | G| —«]. Then p(E)= xg du#0 where
xz is the characteristic function of E.

Let Q denote the projection matrix which has every term equal to zero with the
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exception of g,,,=1. Set F,= Qxg/u(E), then |F,|,=1. If K,=V*F,VU¥, then
[ Kelly= | Fall:=1 and

_ yrovue, ] =L .
IK,) = L tr [T e = s fE tr V*QVH, du

1 1
= mfg twJD d = z(‘E‘)L |61z du.

Hence |G||o—a s [I(K)| < |/]. Thus |Gllo=]I].
It can be deduced from the analogous result for the scalar case that all bounded
linear functionals on L}, , have the form asserted.

4. Manifolds of matrix functions. Let W e L}, , be positive definite hermitian.
Denote by L2 . ,(W) the space of matrix functions Ffor which | F |} =[ tr FF*W du
<oo. This is a Hilbert space with inner product defined by (F, G)w={ tr FG*W dp
for all F, Ge L2, (W).

Consider Fe L2, (W) such that F is orthogonal to the trigonometric poly-
nomials, all of which are clearly contained in L2, ,(W). Then for all constant
matrices C, and k=0, +1, +2,..., (e*°C, F)y=tr e CF*W du=0. Since
|F*W2|2=|F|%, F*W'2eLl,,, so F*WelL},, and has a Fourier series
expansion. Thus F*W=0. If det W#0 a.e., then F*=0 a.e. Hence the trigono-
metric polynomials are dense in L2, (W) provided det W#0 a.e.

Denote by A, ., the space of all analytic trigonometric polynomials with n by n
constant matrix coefficients. Let Ay, , «, be the subspace of all 4 €A, ., for which
A,=0. Denote by H2, (W) and HE , . .(W) the subspaces of L2, (W) generated
by Anxn and Ao, respectively. Let HE ,..(W) be the subspace of L2, . (W)
generated by all conjugate transposes of elements of Ag; , x5

DEFINITION 4.1. Let

8 = sup [|(F, K*)w| | Fe H}u(W); K* € Hg, nxa(W); |Fllw < 1; |[K*|w £ 1]

The manifolds H2, (W) and HE, . .(W) are at positive angle provided d< 1.

Consider a scalar function w e L*. If log w is summable, then there exists an
outer function h e H* such that |h|=w. Helson and Szego [6] have proved the
following.

THEOREM 4.2. The manifolds H*(w) and HZ(w) are at positive angle if and only if
there exists g € H*® and o« >0 such that |g(e?)| 2« a.e. and |arg hg| S7[2—a.

A matrix form of this result will be shown to hold.

If A and B are hermitian, then 4 < B provided B— A4 is positive semidefinite.

Let We L}, be positive definite hermitian and suppose log det W is summable.
Then there exists two factorizations of W; that is, W= A*4=BB* where A, B
€ H2,,; A and B are both outer functions. Let U=B-*4*=B*(4~!). Then U is
unitary and W= BUA. In the theorem and proof which follow W, U, 4 and B will
be as just described.
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THEOREM 4.3. The manifolds H2. (W) and HE ,..(W) are at positive angle if
and only if there exists G € Hy, and «>0 such that

(4.4) a+G*G £ U*G+G*U.

Proof. Since W=BUA, we have from 4.1 that d=supgy | [ tr FKW du|=
supr,x | [ tr AFKBU du| <1 where F varies throughout the unit ball of H2, (W)
and K* varies throughout the unit ball of HZ , , .(W).

For all Fe HZ2, (W) there exists a sequence {P;} of elements of A, ,, such
that lim,., |P,—F|w=0. For s=1,2,3,... |P,—F|y=|AP,— AF|;, and so
lim,,  |AP;— AF|;=0. Clearly AP, € HZ,, for each s; hence AFe HZ2,,. More-
over ||F|w=| AF| 5. Thus Fin the unit ball of H;?, ,(W) implies 4Fis in the unit ball
of H2,,. In fact, since 4 is outer, the set of all products AF where F € H2, (W),
|Fllw<1, is dense in the unit ball of HZ.,. A similar argument shows that the
set of all products KB where K* € HE , . (W), | K*||w <1, is dense in the unit ball of
HE n « . Thus it follows from 3.9 that §=supy || tr RU du| where R varies through-
out the unit ball of H,, x». Theorem 3.13 implies that [ tr RU dy defines a bounded
linear functional on L}, , which, when restricted to Hg. , «,, has norm 3.

Suppose S €Ly, is an annihilator of H¢,,.,; that is, for all Re Hg,xp,
_[ tr RS du=0. Necessarily, S e H;%,. Moreover, all elements of H.%, are an-
nihilators of Hg. , «p.

We now apply a corollary of the Hahn-Banach theorem, see [1], and obtain
d=infseng,, |U—S] -

Choose G € H,%, such that |[U—G|, <1—a where «>0. Since multiplication
by a unitary matrix leaves the norm constant, |[U—G|o=|I—U*G||o<1—c. It
follows from the definition of the LY., norm that |[[— U*(e®)G(e?)|z<1—« a.e.
This implies that

(- UG ()X, I-UXe)G(E)X)2 £ 1-«

a.e. for any constant matrix X with |X|=1. From this it follows that «+G*G
S U*G+G*U. We could just as readily obtain that «+GG* S GU* + UG*.

All the above steps are reversible so the theorem follows.

In order for (4.4) to hold, it is necessary that ess inf det G> 0. In the scalar case,
4.2 and 4.3 are equivalent.

We continue to require that log det W be summable.

THEOEREM 4.5. The manifolds H2. (W) and HE , ..(W) are at positive angle if
and only if there exists M >0 such that |F|y <M ||F+G*|y for all Fe HZ. (W)
and G* € HE , . (W).

A proof of the above will not be given here since it is not significantly different
from that of the scalar case.
Consider a trigonometric polynomial 3 4,e*®. If H2, (W) and HE , , (W) are at
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positive angle, then 4.5 implies the existence of M >0 such that |3} _; 4|y
SM|3 Ae®|y for s=0,1,2,....

LemMA 4.6. If H2. (W) and HE , . (W) are at positive angle, then F € L2 . (W)
implies Fe L} .

Proof. Suppose C is a constant matrix such that W,C=0. Since (W,C, C)
=(WC, C)=|W*3C|3=0, W*2C=0 which implies C=0. Therefore W, is
nonsingular.

The operator which sends each trigonometric polynomial into its constant term
is bounded. Hence the linear functional /(-) defined for all trigonometric poly-
nomials 4 by I(4)=(A4y, I)w=tr A,W, is bounded on a dense subset of L2, .(W).
Hence there exists K € L2, (W) such that I(F)=(F, K)y for all Fe L2, (W). It
follows that WK=W,, so KW =W -teLi, (W) and |W - |}=[tr W-'du
<oo. Applying 3.7, we obtain

1/2 1/2
IEl, = ftr (FF*) 3y -1z gy < (ftr FF*Wdy) Utr W'ldp.) < oo

THEOREM 4.7. If HZ2..(W) and HE,..W) are at positive angle, then the
Fourier series of Fe L%, (W) converges to F in norm.

Proof. For all trigonometric polynomials 3 A4,e™, let Q= A,e'®)
=% s Ae*;5=0,1,2,.... Then Q, has a bounded extension to all of L2, ,, (W).
Also for any trigonometric polynomial 4, |(Q;—I)4|w — 0 as s — co.

Let «>0and Fe L2, (W). There exists a trigonometric polynomial F, such that
|F—F,|lw <« Now

I(Qs=DFlw £ (Qs—INF—F)|w+(Qe—DF.lw £ M|F=F,|w+ |[(Q:— DF.|w
where M > 0. The theorem follows.
5. Invertibility of systems of Toeplitz operators on H2.

THEOREM 5.1. Let =G*H where H, H™*, G, G~* € HZ,, and HH*=(GG*)™ .,
If W=GG?*, then T, is invertible if and only if there exists B>0 such that |F |y
SB|F+K*|y for all Fe H2, (W) and K* € HE , . (W).

Proof. Suppose R € HZ,, is orthogonal to the range of T,. Then for all Fe H2,,,
0=(T,F, R)=| tr $FR* du=(HF, GR). Since H is outer, all products of the form
HF, Fe HZ,,, are dense in HZ,,. Thus GR=0 and R=0. Hence the range of T,
is dense in HZ,,.

Let N € H},,, then N=H ~'F where F=HN € H,.,. Similarly, for Me H¢ , .,
M*=G*E* where E=M(G~*) € H} , ., Since H~* is outer (see 2.3), there exists
a sequence {P}o <A,., such that H~-'P,e H2,, for s=1,2,3,... and
lim,_, |H-*P,—N|,=0. For s=1,2,3,..., |H *P,—N|3=|P,—F|} so
lim,., | P,— F|w=0 and F e H2, (W). Similarly, E* € HZ , . o(W).
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Now consider T4(H 'F)=¢H F—(I-P)¢H 'F. Since (I-P)pH 'F
=G*E} for some E, € Hj,,,, the expression can be rewritten as To(H ~'F)
=G*F+G*E¥. Note that |H 'F|,=|F|w. It follows that |N|i=|F|} =
B?|F+E}|%=B%|G*F+G*E}|3=B?|To(H ~*F)|3=B?|Ts(N)|3; that is, |N|.
S B|To(N)| 2.

Conversely, suppose T, is invertible. Consider Fe HZ2,.,(W). There exists a
sequence {P}2 ;S A,x, such that lim,_ ., | P,—F|w=0. Hence lim,. |H 'P,
—H-'F||3=0 and H ~'Fe H2,,. Recall that |H ~'F|;=|F|w. Note that G*E¥*
is the projection of G*F onto HZ2.,. Now forall E* € HE (W), | F||%=|H ~'F|3
S B?||To(H ~'F)|}=B?|G*F+G*E*||3< B*|G*F+G*E*|3=B*|H*F+ H E*|}
=B?|F+ E*||%; that is, | F||w < B|F+ E*|y for some B>0.

LEMMA 5.2. Suppose ¢ € L« ,, is unitary and T, is invertible. Then there exists
G e H, and >0 such that o+ G*G Z¢*G+G*¢.

Proof. It follows from 2.12 that ¢=K*H where H, H %, K, K~ € H?,, and
HH*=(KK*)~. Let W=KK*. Then 5.1 implies that for some B>0, |F|w
S B|F+K*||y for all Fe H?, (W) and K* € HZ, . (W). From 4.5, H2 (W)
and HE , ..(W) are at positive angle. Since W=K¢H ~*, ¢ has the same proper-
ties relative to W as U in 4.3. The lemma follows.

LEMMA 5.3. Suppose ¢ € LYy, is unitary and $=K*H where H, H™*, K, K~!
€ H}y,. If there exists Ge HY, and >0 such that a+G*G S ¢*G +G*$, then
T, is invertible.

Proof. Since ¢ is unitary, HH*=(KK*)~'. Let W=KK*, then W=K¢H 1.
From 4.3, H2, (W) and H@ . .(W) are at positive angle. From 4.5, there exists
B>0 such that |F|y < B|F+E*|y for all Fe H2, (W) and E* € Hg, . o(W).
Now 5.1 implies T, is invertible.

THEOREM 5.4. Let ¢ € L?,, and suppose T, is invertible. Let $=UK be the
unitary-outer factorization of ¢ (see 2.11). Then

(i) essinf |det ¢|>0;

(ii) there exists G € HY, and « >0 such that o+ G*G 2 U*G+G*U.

Proof. For (i), see 2.7. Since 2.11 implies T is invertible, the theorem follows
from 5.2.

THEOREM 5.5 Let ¢ € L., and suppose ¢~* € LYy ,. Let $=UK be the unitary
outer factorization of ¢. If U=R*H where R, R"*, H, H*' € H;,, and if there
exists G € H®, , and «>0 such that o+ G*GS U*G+G*U, then T, is invertible.

Proof. Since ¢~' € L?.,, ¢ has a unitary-outer factorization ¢=UK with Ty
invertible. From 5.3, Ty, is invertible. Since T, =TTk, T, is invertible.
In the scalar case, Devinatz [2] has shown the following.
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THEOREM 5.6. Suppose ¢ € L®. Then T, is invertible if and only if
(i) essinf [¢|>0;
(ii) there exists g € H® such that g=* € H* and o> 0 such that |arg g¢| S n/2—«.
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